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ABSTRACT 

A relatively easy proof is given for the known theorem that a Banach space is 
reflexive if and only if each continuous linear functional attains its sup on the 
unit ball. This proof simplifies considerably for separable spaces and can be 
extended to give a proof that a bounded w-closed subset X of a complete loc- 
ally convex linear topological space is w-compact if and only if each con- 
tinuous linear functional attains its sup on X. 

In 1950, it was proved [2] that a Banach space B is reflexive if B has a basis 

and each continuous linear functional attains its sup on the unit ball of  each 

isomorph of  B. The requirement that B have a basis was removed quickly by 

Klee [6]. Later it was shown that B is reflexive if each continuous linear functional 

attains its sup on the unit ball 1-3, p. 215, Theorem 5] and then [4, p. 139, Theorem 

6] that a bounded w-closed subset X of a complete locally convex linear topo- 

logical space is w-compact if each continuous linear functional attains its sup on 

X. Some streamlining and additional applications of  the methods involved in 

the proof  of  this theorem have been given by Pryce [7] and Simons [-I0]. Some 

of the techniques that we use in the proofs of  Theorems 1 and 2 were suggested 

by methods used in proving Lemma 2 of [9]. 

The statements and proofs of  Theorems 1 and 2 are elementary. Equivalence 

of reflexivity and w-compactness of  the unit ball is not used. The only concepts 

needed f rom the theory of  Banach spaces are reflexivity, some elementary facts 

about continuous linear functionals, and Helly's condition [-5, p. 151]: I f  

f l , " ' , f ,  are linear functionals and M, c a , ' " ,  c, are scalars, then the following are 

equivalent: 

t This work was supported in part by National Science Foundation grant GP-28578. 
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(a) ] X;a,c,] < M[] Xl"a,f/[] for all {a,}. 

(b) For cache > 0, there is an x such that ][ x [] < M + e  and 

f~(x)=c ,  i f l - < i - < n .  

Condition (ii) of Theorem 1 is known to be a sufficient condition for nonreflexivity 

[ l ,  p. 58], but not a neaessary condition [1, p. 10~, (4)]. We let V,{~} denote 

the convex span of {f/: i _-> n}. 

LEMMA 1. Let B be a Banach space, 0 a number in the interval (0, 1), and 

{f,} a sequence in the unit ball of  B ' f o r  which 

l[:ll->- o if f ~conv {f~}. 

If{).,,} is a sequence of  positive numbers with Y.~ ).i = i, then there is a number a 

in the interval [0, 1] and a sequence {g.} for which g,, ~ V,,{fi} for  each i, 

and, for  each n, 

~ ).,gi < a ( 1 - O ~  \ .+1 

PROOF. Let {e.} be a sequence of positive numbers for which 

~--~ ).kek < 1 -- O. (1) 

k + l  k 

Choose {g,,} inductively so that g,, s V,{f~} for each n and 

( tl x ).,g, + ~ )., ~,, < ~,,{1 + ~,,), 

where 

(2) 

{rt  ( )I } �9 . - - i n f  ).,g, + ~: )., g : g ~vo{f,}  
n 

Since g and each gi are in the unit ball, 0 __< a, __< 1. Also, 

~,=<inf ).d~ + )..g, + ).t g eV,+~{f~} =~,+1,  
n + l  

[I ~ J[ so that lim,_.oo ct.-- a exists and 0 =< a - -  ~1 ).igi __< 1. It follows from the 

triangle inequality and (2) that 
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n-1 ~ t"i  n - 1  

<~ )*n ~i "~igi+( ~ )'i)gn "~n-tl-'---- I ~I ~tigi 

n n 

( 1 < ~ 2~ - - - - -  + ~ - -  2,g t 

k . n + l  n n J 

Theft successive applications of  (3) for decreasing values of  n give 

i ~, 2 ig  i 
1 

< 

(3) 

(1~,) I--~- '-(  ] ~.(1 + e . )  + 2,g i 
co 

�9 "+ | x : . , x ; . ,  ~:.,~, x . 
k,.n + 1 n n n - I  n - I  

< 
n + l  ~ :=2 

k + l  k 2 

< 
n + 1  ; = I  

k + l  k 

Now we replace each (x k by = and use (I) to obtain 

11 (' ')..-,.I 
= o~ I -  ;,~ 

THEOREM 1. l f  B is a separable Banach space, then the following are equiva- 

lent. 

(i) B is not reflexive. 

(ii) IfO < 0 < 1, then there is a sequence [f,} in the unit ball of B* for which 

II:I[ >_o if:~r 
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and limn-.oo fn(x) = 0 i f  x ~ B. 

(iii) l f  O < 0 < 1 and {2n} is a sequence of positive numbers with ~,~o 2i = I, 

then there is a number ~ in the interval [-0, 1] and a sequence {gn}for which g~ is 

in the unit ball of  B*, limn.. ~ gn(x) = 0 i f  x ~ B , 

1 

and, for  each n, 

u 
(iv) There is a continuous linear functional that does not attain its sup on 

the unit ball of B. 

PROOF. Suppose B is not reflexive and let F be a member  of  B** for which 

[l F 1[ < 1 and 

dist (F, B0 > 0, 

where B c is the canonical image of  B in B**. Let {Xn} be dense in B and for each n 

choose f ,  such that 

(a) Ilfnll < 1, 

(b) F(fn) = O, 

(c) fn(xi) = 0 if i < n. 

For  Helly 's  condit ion to be applied to (b) and (c), with (c) written as x~(fn) = O, 

we need 

O < M  F +  ~E a ,x ,~ l fora l l {a i } .  
1 

Since this is satisfied if M = O/dist(F, BO < 1, there exists f ,  that  satisfies (a) as 

well as (b) and (c). I f f ~  conv (f~), then F( f )  = 0 and [If[I > 0. Clearly, f~(x) ~ 0 

for each x in B. 

To  show that (ii) =~ (iii), we need only use Lemma 1 and the observation that 

lim,-.oo 9,(x) = 0 follows from limn-.~o f , (x )  = 0 and 0n E Vn(fi} for  each n. 

To prove that (iii):~ (iv), we shall assume (iii) is satisfied and show that 

~ o  2,.9j does not  attain its sup on the unit ball of  B. Let x be an arbitrary member  

of  the unit ball of  B. Choose n so that 9~(x) < s0 if i > n. Then 
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1 1 n + l  

< ~, ;.,g, + ~o.+~ ~,, 

and it follows f rom this and (4) that  

Thus the sup ~t o f  ~ o  2tg i on the unit bal l  is not  a t ta ined at  x. 

To conclude the p r o o f  of  Theorem l, we need to show B is not reflexive if 

there is a cont inuous linear functional  q5 that  does not a t ta in its sup on the unit 

ball of  B. By the Hahn-Banach  theorem,  there is a member  F o f  B** for  which 

Ilfll = 1 and F(~b)= I1~11 I f  B is reflexive, there is an x E B  such that  []x[I = 1 

and F(g) = g(x) for  each g ~ B*. Then  F(~b) = q~(x) = II ~ II, so ~ attains its sup 

on the urtit ball  at  x. 

The next l emma and theorem are natural  generalizations of  L e m m a  1 and 

Theorem 1 to  general  Banach spaces. For  art a rb i t ra ry  sequence of  linear funct ionals  

{qS,} on a linear space X, let L{c~,} denote the set o f  all linear functionals co 

which have the proper ty  that  

liminf._.oo q~.(x) ~ co(x) < limsup._.o~ q~.(x) 

if x ~ X .  For  example,  co satisfies this inequality if l is a Banach limit and 

co(x) = l({~b.(x)}), or  if l is any linear functional  on l ~~ for which ]l/ll = l and 

l(x) = l i m x .  if  x = {x.} and lim x,, exists. 

LEMMA 2. Let B be a Banach space. 0 a number in the interval (0, 1). and 

(f .}  a sequence in the unit ball of B ' f o r  which 

liT-coil __>o eff~co,v(~,} and co~L{f/}.  

I f  {).i} is a sequence of positive numbers with ~ ).i = 1, then there is a number 

in the interval I-0,2] and a sequence (gt} for which each g~ is in the unit ball of  

B*, and, for each n and each linear functional 09 in L(gt}, 

Ii q ( ) ;. ,(g,  - o )  = ~ a n d  ~ ; . , (g,  - o )  < ~ 1 - 0 Z ;~, . 
1 I n + l  

PROOF. Let  (e.  } be a sequence of  posit ive numbers  for which 
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2kek < 1 -- 0. (5) 

k=' Z ; t ,  ~. 2, 
k + l  ~z 

For each n and each sequence of  linear functionals {~b~}, let V,{q~t} denote the 

convex span of {q~i: i > n} and let V{~bi} denote the set of  all sequences {r such 

that ~k, E V,{cbi} for each n. Note that if {r ~ V{~bi}, then V{J/,} = V{c/)i}. For 

each n, let a number ~,, a linear functional 9,,  and sequences {4~ 7} and {~,".} of 

continuous linear functionals be chosen inductively as follows. Suppose ~k, gk, 

{4~J and {~}  have been chosen for k < n, where n > 1. Let {r ~ = {f/} and 

n--1  where the inf is over all g and {q~,} for which g e V.{O, } and {q~,} e V{O~-I}. 
n - - I  Now choose g. e V.{O, } and {q~,~} e V{O~ '-1} so that 

~ . < s u p  2igi + 2 i gn--~O :coeL{q~,"} <:%(1 + e.), (7) 

and then choose e~'E L(~b~'} so that 

( ) H e.(1-~.)< Z ;t~g~+ Z 2~ gn--CO' <~.(l+en). 
1 n 

Let .~ be a particular member of the unit ball of  B such that 

~.(1 - ~.) < Z ~.,g,(~) + ;~, g . ( ~ )  - o~'(~). ( s )  
1 n 

Since lira inf,.oo ~b~'(~?) < w'(2), there is a subsequence {@~'} of  {@~'} such that, 

for each a~ in L{r 

l i m i n f ~  ~b~'(ff) = lim,_.~ ~7(ff) = co(~) __< w'(~). 

This implies (8) is satisfied if ~o'(~) is replaced by o~(~). It follows from this, (7), 

and L(g,} = L{~b~}, that 

~.(1-e.)< Z 2,g~+ ~ 2~ g.-~o <~.(i+~.) (9) 
1 n 

if o~eL(g,} .  

Since 11 g 1[ < i if g ~conv {g,}, and [] o)[] < 1 if co e L(g,} ,  we have c~, __< 2 for 

each n. Observe that c~, in (6) does not decrease if the inf is taken over all g and 

(~b,} for " " - '  which g e V,{~i } and 
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2n n + l  h g - -  ~ g , + - ~ - - - -  

Z 21 E 21 

with h e Vn+,{~q" }, 

and { ~ b , } e V { ~ 7 } .  That  is, a,, __< ~,, + ,,  so that lira . . . .  a , , = a  exists and 

II ~ II = Zx21gl < 2 .  

It  follows f rom the triangle inequality and (9) that, if  o9 e L{gi}, then 

2 i ( g  i - -  (9)  
1 

< ':'" Z ,:.~(g~ - co) + 
/1.i 1 

n 

< . . . .  + 2~(g~ - m) . 

Then successive applications of  (10) for  decreasing values of  n give 

co  

E 2i, ~-1 

E 2~ 
n 

(lo) 

:Z 2 ~ ( g l - o ) ) l  
! 

< 1.-2 i1 
n - 1 

< :., ~ : :~<l  + ~,) -4- ~ - - I i , z , < g ,  - ~o)[! 

k+ l  k 2 

< 

Now we replace each ~k by a and use (5) to obtain 
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1 0,] 
k + l  k 

co 

__ 4 

THEOREM 2. I f  B is a Banach space, then the following are equivalent. 

(i) B is not reflexive. 

(it) I f  0 < 0 < 1, then there is a subspace X of  B and a sequence {f,} in the 

unit ball of  B* for  which 

IIs-coll--- o iSS~con,,~Sn} and coax 
and l imr ,~ fn (x  ) = 0  i f  x ~ X. 

(iii) I f  0 < 0 < 1 and {2i} is a sequence of  positive numbers with ~ 21 -- 1, 

then there is a number ot in the interval [0,2] and a sequence (gi} for  which each 

gl is in the unit ball orB*,  and, for each n and each linear functional co in 

L{g,}, 

(iv) There is a continuous linear functional that does not attain its sup on 

the unit ball of  B. 

PROOF. Let X be a nonreflexive separable subspace of B. Then it follows from 

Theorem 1 that there is a sequence {f.} with eachf ,  in the unit ball of B*, lim.-.oo 

f . ( x )  = o i f  x ~ x ,  and Ilfllx >= 0 iff~ conv{f.}, where Ilfllr is the norm o f f  as a 

linear functional on 2". Then 

II:-coll->-II:-coll,,= ll:ll,<->- o i f f ~ c o n v { f . }  and co~X • 

To show that (it) ~ (iii), we need only use Lemma 2 arid the observation that 

if {f.}, 0 and X are as described in (it), then co ~ X • if co e L{f,,}. 

To prove that (iii) :~ (iv), we shall assume that (iii) is satisfied and choose the 

numbers in (iii) so that there is a number A such that 0 < A < } 0 z arid, for each n, 

J-n+i < A2.. (12) 

We shall then show that s  - co) does not attain its sup on the unit ball of  

B if co eL{gt}. Let x be an arbitrary member of  the unit ball of  B. Since 

liminf~_.~ gl(x) < co(x) and 0 < ~, there is an n such that 
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(g. + 1 - co) (x) < 0 2 - 2A _< ~0 - 2A. 

Then  

1 1 

<:11  
1 

and it follows f rom this and (11) that  

]~ )-l(gi - 09)(x) < ~ 1 - )-i 
1 

297 

).~(9, - a0(x)  + (s0 - 2A)2,,+ x + 
. + 2  

o,)!1 + - 2 A ; . + 1  + ,  
n + 2  

'~i(Oi - a0  (x) 

+ ( ~ 0 - 2 A ) 2 , , + 1 + 2  ~ 2 I. 
n + 2  

From (12), we have ]~,~+2 2i < A• ,+I  2i, so that  

oo 

E ;~,0, - o0  (x)  < s - ( s 0  - 2A) ~: ;., + (~o - 2A); . .  + 1 
/t . + 1  

= s - ( c e 0 - 2 A ) , ~  2 i 
n + 2  

< 0~. 

Thus the sup ~ o f  E~ ~ 2~(g t - o ) ( x )  on the unit ball  is not at tained at x. 

Exactly as in the p r o o f  of  Theorem 1, (iv) implies nonreflexivity. 

The next two theorems are proved by reducing them to the Banach space case 

and then using methods  similar to those used in Theorems 1 and 2. We let Sx( f )  

denote  sup {f (x) :  x ~ X}. 

THEOREM 3. I f  X is a separable bounded w-closed subset of a complete 

locally convex linear topological space, then the following are equivalent. 

(i) X is not w-compact. 

(ii) There is a positive number 0 and a sequence of  equicontinuous linear 

functionals {f,} for which 

Sx(tf]) > 0 i f  f E c o n v { f , } ,  (13) 

and lim,_.oo f , ( x )  = 0 i f x ~ X .  

(iii) There is a positive number 0 such that, i f  {2i} is a sequence of  positive 

numbers with E~ 2i = 1, then there is a number ~ > 0 and a sequence {Oi} of 

equicontinuous linear functionals for which l im,_,~g,(x)  = 0 i f  x ~ X,  
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S x (  ~ 2ig' I ) < ~ (  1 - 0  ~ 2 i ) '  
1 n + l  

(iv) There is a continuous linear functional that does not attain its sup on X. 

PROOF. If T is a locally convex topological space, then T is isomorphic with a 

subspace of a product I~B~ of Banach spaces [8, p. 54, Corollary 2-1. In fact, if 

(p,) is a generating family of semi-norms for T, then we can let x ~ (x~), where 

x~ is the member of T/?~ l(0) that contains x. If T is complete, then T is closed in 

I-IBm. Since T also is convex, T then is w-closed in I-IBm. The canonical projection 

X~ of X into B~ is bounded ill B~. If the weak closure of X~ as a subset of B~ were 

w-compact for each ~, it would follow from the Tychonoff theorem that 

~[wcl(X~)] is compact in the product topology when each B, is given its weak 

topology. This would imply X is w-compact, since X is w-closed in T and T is 

w-closed in I-IBm. Now choose ct so that wcl(X D is not w-compact in B~. Since 

wcl (X~) c cl l-cony (X~)], wcl (X~) is separable. 

To complete the proof that (i) => (it), it now is sufficient to give a proof for the 

case where X is a separable bounded w-closed subset of a Banach space B. Suppose 

X is not w-compact. Let Y = clrlin(X)]. Let C be the normed linear space of 

continuous linear functionalsfon Y, with Sx( l f  ]) as the norm off.  Then X, with 

the weak topology w(X, Y*), is homeomorphic to the natural image X c of X in C*. 

with the topology w(C*, C). Also, for x c as a member of C*, 

I l = If(,<)l =< s,<(Ifl), 
so 11 xo 11 --< 1 and x < is contained in the unit ball of C*. It follows from the Tychonoff 

theorem that the unit ball of C* is compact when given the topology w(C*, C). 

If Y : n  C* = C*, then the inverse canonical image of the unit ball of C* is w- 

compact and X is w-compact. Therefore there is an F in C* that does not belong 

to Yr If s u P ( l l x l l : x ~ X ) = M  and llFil and I l f l lo  are the norms of F as a 

member of Y** and as a member of C*, respectively, then 

UFII--< Mll 'llc., 
so F �9 Y**. Since Y is complete, Y" is closed in Y**. Let A be a positive number 

for which 

dist (F, Y0 > A, 
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where "d i s t "  is relative to the norm of Y**. Let {xn} be dense in X and for each 

n choosef ,  such that 

(a) llfnll < 1 ,  
(b) F(fn) = A, 

(c) fn(X,) = 0 if i < n. 

For Helly's condition to be applied to (b) and (c), with (c) written as x~(fn ) = 0 

we need 

1" ~2 .c for all {a,}. A <= M + aix i 
1 

Since this is satisfied if M = A/dist(F, YC) < 1, there is a n f  n that satisfies (a) as 

well as (b) and (c). I f f ~  cony (fn}, then F( f )  = A and 

A __< 1[ F [I c.Sx(lf[). 

~hus if 0 = A/[ i F lie,, the  (13) is satisfied. 

The proof that (ii) :~ (iii) is obtained from the corresponding part of  the proof  

of Theorem 1 (and Lemma 1) by replacing illl by sx<l 1~ whenever it occurs 

and using equicontinuity of {fn} and boundedness of X to get a number fl such that 

0 < ~ n  < f l  (instead of 0 < a n  < 1 )  and 0 < ~ < f l .  

The proof that (iii) :> (iv) is obtained similarly, with the sign of each 2, changed 

if necessary so that 

and, for each n, 

( ) (  ) sx 1 - 0  I ,l 
1 n + l  

To conclude the proof of Theorem 3, we need only observe that X is not w- 

compact if there is a continuous linear functional that does not attain its sup on X. 

THEOREM 4. l f  X is a bounded w-closed subset of a complete locally convex 

linear topological space, then the following are equivalent. 

(i) X is not w-compact. 

(ii) There is a positive number O, a subset Xo of X,  and a sequence o f  

equicontinuous linear functionals {fn} for which 

S x ( l f - o ~ l ) > O  / f f ~ c o n v { f n )  and r 

and limn-.oo fn(x) = 0 i f  x e Xo. 
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(iii) There is a positive number 0 such that, i f  (2~) is a sequence of positive 

numbers with ~ o  2~ = 1, then there is a positive number a and a sequence (g~} 

of equicontinuous linear functionals such that, for  each n and each linear 

functional co in L(gi), 

sx(] l l)= andSx(] 2'(g ' -co)  l ) < ~ (  1-On+~ ~" 2 , ) .  

(iv) There is a continuous linear functional that does not attain its sup on X.  

PROOF. Since a w-closed bounded subset X of a complete locally convex 

linear topological space is w-compact if and only if it is weakly countably compact 

[1, p. 51, Corollary 2], X is w-compact if and only if each w-closed separable 

subspace of X is w-compact. Thus the implication (i) ~ (ii) follows from Theorem 

3. 

As for Theorem 3, the proof  that (ii) :~ (iii) =~ (iv) need be done only for Banach 

spaces and can be obtained from the corresponding parts of the proofs of Lemma 

2 and Theorem 2 by replacing N" 11 by S x(l" I) and "the unit ball of B "  by X, 

whenever they occur, using equicontinuity of ( f ,}  and boundedness of X to get a 

number fl such that 0 < ~, < fl, and observing that if 0, X0, X, and ( f , )  are as 

described in (ii), then co ~X~ if co eL{f ,} .  

To conclude the proof  of Theorem 4, we observe again that X is not w-compact 

if there is a continuous linear functional that does not attain its sup on X. 
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